The propagation of gravitational waves is explored in the cosmological context. It is explicitly demonstrated that the propagation of gravitational waves could be influenced by the medium. It is shown that in the thermal radiation, the propagation of gravitational waves in general relativity is different from that in the scalar-tensor theory. The propagation of gravitational waves is investigated in the uniform magnetic field. As a result, it is found that cosmic magnetic fields could influence on the propagation of gravitational waves to non-negligible extent. The corresponding estimation for the spiral galaxy NGC 6946 effect is made.
I. INTRODUCTION
It has been proved by LIGO that two-black-holes system emits strong gravitational waves in the coalescence phase [1] . The first detection was from black holes with about 30 solar masses and the following ones were from the mergers of two black holes (black hole binary) [2] [3] [4] [5] . Very recently, the so-called multi messenger astronomy has started by the discovery of strong gravitational waves from the collision of two neutron stars [6] and the electromagnetic radiation was detected in coincidence with the gravitational wave.
It is very difficult and complicated to analyze the processes of black hole mergers and scatterings because gravitational dynamics is too strong. In spite of the difficulties, there has been accurate numerical simulations, which reproduce the observational results [7, 8] although various approximate approaches [9] and analytic ideas [10, 11] to calculate the gravitational wave signatures in the strong gravitational field regimes have been also proposed.
On the other hand, the existence of cosmic magnetic fields have been known and those origins have also been explored. In particular, the origins of large-scale magnetic fields observed in clusters of galaxies can be primordial magnetic fields from inflation and the following cosmological phases in the early universe (for reviews on cosmic magnetic fields, see, e.g., [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] ).
Moreover, various modified gravity theories including the scalar-tensor theory have especially been studied in the cosmological context recently in order to explain the late-time cosmic acceleration (for recent reviews on modified gravity theories as well as dark energy problem, see, for example, [22] [23] [24] [25] [26] ). The cosmological bounds from the Neutron Star Merger GW170817 [6] have been examined in the scalar-tensor and F (R) gravity theories [27] . The constraints [28] on alternative theories of gravity have been calculated with GW150914 and GW151226 [2, 29, 30] . Various features of gravitational waves from modified gravity theories have also been studied [31, 32, 34] .
In this paper, we clarify how the propagation of gravitational waves could be changed by the medium. Usually the radiation is made of the quanta or relativistic particles at the high temperature as in the early universe after the inflation. In the radiation dominated era, the universe expandes as a ∝ t − 1 2 . Here a is the scale factor of the universe and t is the cosmological time. On the other hand, it is known that the power law behavior a ∝ t − 1 2 in the radiation dominated universe can be also realized by the classical scalar-tensor theory.
1 In order to distinguish the above two kinds of the radiation dominated universe, we show that the propagation of gravitational waves in the thermal radiation in general relativity is different from that in the classical scalar-tensor theory. Usually, the radiation is made of photons, which are quanta of the electromagnetic field. The classical electromagnetic field is different from the photon. As an example of the classical electromagnetic field, we investigate the propagation of gravitational waves in the uniform magnetic field and we demonstrate that the effects from the magnetic field to the propagation could not be negligible.
The structure of the paper is the following. In Sec. II, we explore the propagation of gravitational waves in general matter. In Sec. III, we investigate the propagation in quanta and thermal matter with finite temperature. In Sec. IV, we analyze the propagation of gravitational waves under the existence of magnetic fields. In Sec. V, we consider the case of gravitational waves in F (R) gravity. Finally, conclusions are given in Sec. VI.
II. PROPAGATION OF GRAVITATIONAL WAVE IN MATTERS
The gravitational wave is given by the perturbation from the background geometry,
where |h µν | ≪ 1 is the perturbation with respect to a given background g µν . Then by imposing the gauge condition
electric or magnetic moment distributions fluctuate and the fluctuations with the electric or magnetic dipole moments generate the light. The generated light interferes with the incident light and the decrease of the propagation speed of the light occurs. This effects are known as a polarization and can be expressed as the changes of the permittivity and permeability. Even for the gravitational wave, there occurs similar phenomena, which was also recently reported in the paper by Weinberg et al. [33] in detail for the propagation of the gravitational wave in the cold dark matter. The incident gravitational wave makes the medium fluctuate and the fluctuation with quadrupole moment generates an additional gravitational wave. The r.h.s. in (4) or the term M 2 κ 2 I
(1,1) T in (6) expresses such effects although our formulation is rather simplified compared with the paper [33] .
III. QUANTA AND THERMAL MATTER
In this section, we consider the real scalar field as the matter. We treat the scalar field as the quantum field at the finite temperature. In case of the high temperature or in massless case, the scalar field plays the role of the radiation. On the other hand, in the limit that the temperature vanishes but the density is finite, we obtain the dust, which can be a cold dark matter. After that, we compare the obtained results with those in the classical scalar-tensor model [27, 38] .
Even in the classical scalar-tensor model, we can realize matter dominated (filled with dust) or radiation dominated universe. Then we find that in case of the matter dominated universe, the result for the quantum field coincides with the result in the classical scalar-tensor theory but in other case, the tensor structure of δT µν is different in the two cases and therefore the propagation of the gravitational wave changes in general.
In curved space-time, the energy-momentum tensor of a free real scalar field φ with mass M is given by
In the flat background, we find
Here π =φ is the momentum conjugate to φ. We also obtain
which has the following form in the flat background,
We now evaluate ∂Tij ∂g kl in (10) at the finite temperature T . In order to make the situation definite, we assume that the three-dimensional space is the square box where the lengths of the edges are L and we impose the periodic boundary condition on the scalar field φ. Then the momentum k is given by
Here n x , n y , and n z are integers. If we define,
we find
The Hamiltonian is given by
Hereπ(k) andφ(l) satisfy the following commutation relation,
We now define the creation and annihilation operators a ± n by
We should note (a
The operators a ± n satisfy the following commutation relation,
The equations (16) can be solved with respect to π n and φ n as follows,
The Hamiltonian (14) can be rewritten as
We now neglect the zero-point energy,
We define number operator by
Then we find the following expression of the partition function,
Here β = 
By normal ordering the operator ∂Tij ∂g kl in (10), we acquire :
Therefore we obtain : ∂T ij ∂g kl :
Particularly in case of massless, M = 0, we find :
∂T ij ∂g kl :
The expectation value of the number operator in (21) is given by
In the limit of L → ∞, we obtain :
and in massless case, M = 0, : ∂T ij ∂g kl :
The expectation value of the number density n is given by
By using (8), we also find
In the massless limit m → 0, we acquire
When we explore the dark matter, the number of the particles might be fixed. Let the number be N 0 , then the partition function in (22) is replaced by
Especially if we consider the limit of T → 0, only the ground state can contribute and we find :
and
Until now, we have treated the scalar field as a quantum field at finite temperature. Instead of this, we often take the real scalar field as a classical field. We now investigate if there is any difference in the two treatments. The action of the general scalar field with potential has the following form:
Then we find
and instead of (9), we obtain
When we assume the FRW universe with flat spatial part,
and φ = t in (36), a power-law behavior for the scale factor a(t) of the universe,
with t 0 and α real constants, can be realized by choosing
In case of the FRW universe (39) filled by the perfect fluid whose equation of state (EoS) parameter w is constant, α in (40) is given by
For dust where w = 0, in (38) , by using (41) and φ = t, we find
and therefore
which is consistent with (34) . On the other hand, in case w = and
whose tensor structure is different from that of the real radiation in (29) . In general, in case of the quantum field at finite temperature, we find the tensor structure of
but for the tensor-scalar theory, we find
Due to the difference of the tensor structure, the propagation of the gravitational wave is different in the case of the quantum field at finite temperature and the case of the classical scalar-tensor theory, in general. Especailly in case of the quantum field, because :
T always includes the factor δ kl , by the condition h µ µ = 0 in (2), as long as we consider the gravitational wave with h tt = 0, the term does not contribute. We may investigate the radiation as a comprehensible example. Usual radiation, for example in the early universe, is made of many quanta or particles at finite temperature as is known in the (quantum) statistical physics. The radiation is realized by the massless particles or in the limit of the high temperature. On the other hand, the FRW universe in the radiation dominated era can be realized by the classical scalar-tensor theory. The tensor structure of ∂Tij ∂g kl is, different in the two cases, as shown in (46) and (47) . The difference of the tensor structure generates the difference of the propagation of the gravitational wave [38] . In fact, the equation for the gravitational wave in the scalar-tensor theory is given by
but in case of the quantum field with the finite temperature, we have
where △ is the Laplacian.
IV. MAGNETIC FIELD
In this section, we analyze the propagation of the gravitational wave under the magnetic field. The energymomentum tensor of the electromagnetic field in curved space-time is given by
which gives
Eq. (4) shows that there are mainly two kinds of effects in the magnetic field. The l.h.s. in (4) receives the change of the geometry due to the existence of the magnetic field and we obtain non-trivial connections and curvatures. The r.h.s. tells that the gravitational wave gives some fluctuation of the distribution of the magnetic field, which becomes a new source of the gravitational field.
We should note that the contributions from the change of the geometry are same order with the contributions from the fluctuation of the magnetic field.
A. Change of Geometry by Magnetic Field
Because Eq. (50) gives the effects via the fluctuation of the distribution in the magnetic field, we now examine the change of the geometry. We assume that the background is almost flat but there is a constant magnetic field along the z direction, F xy = −F yx = B. Then we find
The Einstein equation (3) leads to
The parameter M 2 in (5) and (6) corresponds to κ 2 B 2 . Then before considering the gravitational wave, we need to consider O κ 2 B 2 correction, corresponding to (5), from the flat background g µν = η µν ,
Then the Einstein equation (3) gives
which corresponds to the equation
T in (5) . A solution of (55) is given by
We find that the connections read
Because
we obtain
The above results are consistent with (53). The expressions in (56) with (54) show that we should require
nor we need to consider the higher order terms with respect to κ 2 B 2 . The gauge conditions in (2) can be explicitly written as,
The above equations indicate that there appear the longitudinal modes in general.
B. Propagation of Gravitational Wave and Scattering
we find the following explicit expressions, which corresponds to the equation
On the other hand,
By combining (63), (64), (65), (66), (67), (68), and (69), we find Eq. (4) gives,
We investigate the propagation of the gravitational wave based on the above equations. In order to see the effect of the magnetic field, we assume
which corresponds to × mode propagating in parallel with the magnetic field. Then we obtain,
Therefore if we define ≡ η ρσ ∂ ρ ∂ σ , we find
The O κ 2 B 2 is given by the scattering of the gravitational wave by the magnetic field. It could be interesting that there appears non-trivial h xz component.
Next we explore the + mode propagating in parallel with the magnetic field,
and the solution is given by
Then there appears non-trivial h yz component. The physical behavior of the + mode (87) does not change from that of the × mode in (81). We examine the × mode propagating perpendicular to the magnetic field,
whose solution is given by
In case of the + mode propagating perpendicular to the magnetic field,
The behavior of the + mode in (98) seems to be rather different from that of the × mode (92).
In the above expressions, in order that the perturbation should be consistent, in addition to (60), we need to require
We should note that −1 is the retarded propagator, which is non-local and satisfies the equation
Therefore for any function f (x µ ) of the space-time coordinate x µ , we have
The region V of the integration is given by the region of the space-time, where the magnetic field exists. Therefore the gravitational wave carries the information of the distribution of the magnetic field in the universe. In the above analysis, we have assumed that κ 2 B 2 should be small enough. Even if κ 2 B 2 is small, the integration over the space-time in (101) enhance the amplitude of the gravitational wave.
As an example, we consider NGC 6946, which is a spiral galaxy. The size of NGC 6946 is ∼ 100 k light years ∼ 10 28 /eV and its distance from the earth is 20 M light year ∼ 10 30 /eV. We may estimate,
The exponents −1 and 3 come because we are considering the static magnetic field. Because NGC 6946 has a magnetic field with µG, we may evaluate B 2 as
We may also estimate x and y from the size of the galaxy as
Therefore we obtain,
and as a result the condition (60) is satisfied. In case of the gravitational wave GW150914, the typical frequency is 100-500 Hz, which corresponds to the wave number
and hence kx ∼ ky ∼ 10 22 .
the condition (99) is also satisfied. For example, in (81), we find,
which shows that the corrections are rather large. The large correction comes from the large size of the galaxy. Of course, we have neglected the numerical factors and we have assumed that the magnetic field is uniform at the large scale of the galaxy, which indicates that we should have overestimated the value. Furthermore the correction to the wave number is enhanced because it is multiplied by the distance of the propagation, which gives a non-negligible correction in the phase. However, we expand the expression with respect to κ 2 B 2 , there appears the large correction, for example, sin k + ακ 2 B 2 z ∼ sin (kz)+cos (kz) ακ 2 B 2 z, where we express the correction by ακ 2 B 2 , which might be small but ακ 2 B 2 z (multiplied with z) is not small in general. Anyway the magnetic field may give a contribution which cannot be neglected.
We may study magnetar [39] , which has very strong magnetic field of 10 11 T. Then we find B 2 ∼ 10 26 eV and therefore κ 2 B 2 ∼ 10 −30 eV 2 . If we consider the gravitational wave in (107), we find
which is still small and the condition (99) is also satisfied. Thus the perturbation is still valid. The typical size of the magnetic field in magnetar is 2 × 10 8 km ∼ 10 15 /eV and therefore
which tells that the condition (60) is not always satisfied. In case of SGR 1806-20, which is the first magnetar found, the distance from the earth is 5 × 10 4 light years ∼ 10 27 /eV, instead of (102), we may estimate,
The expressions corresponding to (110) have the following form,
where the corrections are reasonably small.Hence, contrary to the case of the large magnetic field, it could be difficult to detect the effect of the magnetic field.
C. Propagation of Gravitational Wave by Adiabatic Approximation
In the last subsection, we have investigated the scattering of the gravitational wave by the magnetic field. As mentioned after Eq. (51), there are two kinds of sources for the scattering. One is given by the change of the geometry and another is the fluctuation of the distribution of the magnetic field given by the gravitational wave. The obtained results seem to say that the effects in the change of the geometry are much larger than those of the fluctuation of the magnetic field.
The expressions (81), (87), and (98) (except of (93)) could not be valid for the magnetic field of the galactic size although they may be valid for the magnetic field with smaller size. This could be mainly because the variation of the phase is not small although the correction of the wave number is small. Then we now try to solve Eqs. (70), (71), (72), (73), (74), and (75) by using the adiabatic approximation, where we neglect the derivative with respect to the background.
First we analyze the gravitational wave along z-axis and assume
Finally we choose the real part of the above expression. We take h (0) ij (x, y), k (x, y), and ω (x, u) can depend on the coordinates (x, y) although we neglect the derivative with respect to x and y for h (0) ij (x, y), k (x, y), and ω (x, u). Then Eqs. (70), (71), (72), (73), (74), and (75) give the following algebraic equation:
Then the solution corresponding to the + mode is given by
yy , other components = 0 ,
with the dispersion relation,
As clear from the dispersion relation, there appears the square of an effective mass ∼ κ 2 B 2 in addition to the x, y dependent shift of the phase. Eq. (124) leads to
or
The factor 1 +
in front of ω 2 comes from the change of the geometry and therefore there appears the same correction even for the propagation of light but the term κ 2 B 2 gives the square of the effective mass, which is absent in the photon.
The solution corresponding to the × mode is given by,
xy , other components = 0 ,
with a little bit complex dispersion relation,
that is
We should note that there should appear h xz component whose phase is different from that of h xy component by π 2 . Next we consider the gravitational wave along y-axis and assume
Again we neglect the derivative with respect to x and y for h (0) ij (x, y), k (x, y), and ω (x, u) as an adiabatic approximation. Then we find the following equations,
Not as in Eqs. (117), (118), (119), (120) 
By substituting (137) into Eqs. (131), (132), (133), (134), we obtain 0 =2ikxh
0 =ik −yh
which can be rewritten by using a matrix,
Then the dispersion relation (137) can be determined by solving the following equation,
In case that |kx| , |ky| ≪ 1, we may approximate Eq. (142) as follows,
whose solution is given by, λ = 0, zz . These are not connected with the modes of the gravitational wave in the vacuum. In case that |kx| , |ky| ≫ 1, by using Eq. (142), we acquire
For λ = iky, we obtain h
zz = 0, and h
xx . We may also investigate the mode where h
Then by using (135) and (136), the dispersion relation is given by
and we obtain
Then we find that the adiabatic approximation gives reasonable results for the large magnetic field compared with simple perturbation with respect to κ 2 B 2 even if κ 2 B 2 is small. As mentioned after Eq. (110), the overestimated amplitude in the simple perturbation can be absorbed ito the phase and therefore the real amplitude does not become so large.
V. F (R) GRAVITY CASE
Let us briefly discuss F (R) gravity in the similar context. Its action is given by,
where Ψ i expresses the field corresponding to matters. It is well-known that by using the scale transformation,
the action (149) can be rewritten in the scalar-tensor form:
Here g (e −σ ) is given by solving the equation
. In case of the Einstein gravity in this paper, we have neglected the cosmic expansion. Hence we may assume the scalar field σ is a constant σ = σ 0 and V (σ 0 ) = 0. Furthermore as long as we consider the gravitational wave, we do not consider the fluctuation of the scalar field σ. This also shows that the metric e σ g µν which appears in the Lagrangian density of matter L matter is different from the metric g µν only by a constant scale transformation, which effectively gives the change of the gravitational constant κ 2 → κ 2 e σ0 . Thus as long as we neglect the cosmic expansion, the propagation of the gravitational wave in the F (R) gravity is not qualitatively changed from that in the Einstein gravity.
By the variation of the action in (151) with respect to the metric g µν , we obtain the Einstein equation in the Einstein frame,
Naively if the first two terms are dominant compared with the last term κ 2 e σ T µν as in the vacuum, we can neglect the contribution from the matter. On the other hand, if the last term κ 2 e σ T µν is dominant as in the dense matter, the expansion of the universe, which could be generated by the first two terms, could be negligible.
In case of the F (R) gravity, there appears a scalar mode corresponding to σ. The mass of the scalar mode should be very small in the bulk but the mass can become large inside the matter by the Chameleon mechanism [43] . Therefore the propagation of the scalar mode is a little bit complicated.
The propagation of the graviton in other kinds of the modified gravity theories has been also actively investigated, see, for instance, [44] [45] [46] [47] [48] [49] [50] VI. CONCLUSIONS
In the present paper, we have analyzed the propagation of gravitational waves in the medium in detail. We have shown how the propagation of gravitational waves could be changed by the medium.
In general, the radiation is made of the quanta or massless particles at high temperature. Usually the radiation consists of photons, which are quanta of the electromagnetic field. We should note that the radiation-dominated stage of the universe can be realized not only by the real radiation but by the scalar-tensor theory. Then we have shown how to distinguish the radiation dominated universe generated by the real radiation with that generated by the scalar-tensor tehory.
Motivated with the above observations, we have investigated the propagation of gravitational waves in the medium. Especially it has been found that the propagation of gravitational waves in the thermal radiation in general relativity is different from that in the scalar-tensor theory. Furthermore, we have explored the propagation of gravitational waves in the uniform magnetic field and it has been found that the effects from the magnetic field to the propagation could not be negligible. For the small object like magnetar, the perturbation with respect to κ 2 B 2 could be valid but for the large object of galaxy size like large magnetic field the perturbation breaks down. For the large object, the adiabatic approximation gives more reasonable results. Note that we limited to flat space background where there is no qualitative difference between General relativity and say, F (R) gravity.
At the next stage, it would be extremely interesting to extend our study for evolving cosmological background. It is known that the evolution of gravitons in accelerating cosmologies for the case of extended gravity which has been considered in Ref. [40] is qualitatively different from that of General Relativity. Then, the account of cosmic magnetic field may even increase this qualitative difference. Then, as first proposal for future possible extensions of the present work one can study the gravitational waves propagation in anisotropic (Bianchi) universe with magnetic fields. Moreover, it has been examined that the stochastic background of gravitational waves can be tuned by the effect of F (R) gravity [41] . This again may be generalized for the presence of cosmic magnetic field.
Finally, it is very interesting to mention that there is a possibility of the existence of some relations between primordial magnetic fields and primordial gravitational fields [42] . This may be a clue to find a fundamental connection between electromagnetism and gravitation, which would be similar to that between thermodynamics and gravity. From other side, such study may give further bounds to gravitational waves propagation at the early universe with primordial magnetic fields.
